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Abstract. The three-dimensional quantum FEuclidean space is an example of a non-commutative space
that is obtained from Euclidean space by g-deformation. Simultaneously, angular momentum is deformed
t0 s04(3), it acts on the ¢g-Euclidean space that becomes a so4(3)-module algebra this way. In this paper
it is shown, that this algebra can be realized by differential operators acting on C°° functions on R. On a
factorspace of C*°(R3) a scalar product can be defined that leads to a Hilbert space, such that the action
of the differential operators is defined on a dense set in this Hilbert space and algebraically self-adjoint
becomes self-adjoint for the linear operator in the Hilbert space. The self-adjoint coordinates have discrete
eigenvalues, the spectrum can be considered as a g-lattice.

1 Introduction

The algebra of the Euclidean quantum space Rg’ [1,2] has
been discussed in [3,4]. Its defining relations are:

X3XT —?XTX3=0
X3X™ ¢ X" X3=0

X Xt - XtX- =\x3x3
X3=X3 Xt=—¢X~
)\:q—qfl7 qeR, ¢qg>1.

(1.1)

This space is a so4(3)-module algebra. The whole set of
relations can be found in [3,4]. The generators of the quan-
tum Lie algebra so,(3) are interpretated as angular mo-
mentum operators.

In this paper we are going to show that the elements of
R?I and s04(3) can be represented by differential operators
in R3. We use polar coordinates (r,6,¢), (¢ = cosf) and
find
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for the coordinates. The generators of the g-deformed or-
bital angular momentum are represented as follows:
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All these operators (1.2), (1.3) have the expected limit
(2.16), (5.5) for ¢ — 1.

A similar result for so,(3) has been obtained in [5],
where its generators have been constructed in terms of
generators of so(3).

In [4,6] the representation theory of the algebra has
been studied. It was found that the representation is
unique (apart from a scaling factor for the radius) if we
demand that the conjugation properties

X3 = X%,
T3 =1T%,

X+t =—¢X~
T+ =q T~ (1.4)
are represented by the conjugation of linear operators in a
Hilbert space and that the equal sign in (1.4) includes the
domain on which the linear operators are defined. This
domain is supposed to be dense in the Hilbert space.

The spectrum of the linear operator X? that was found
in [4] does not agree with the spectrum of the differential
operator in (1.2) if we consider it as differential operator
in L?. We cannot expect the differential operators of (1.2)
and (1.3) to have the desired conjugation properties as
linear operators on L2.
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To obtain the representation found in [4] we use the
following strategy: we consider the space of C'*° functions
on which the differential operators act. This space is made
to an algebra by a convolutionary product. This algebra
has an ideal that is left invariant under the action of the
differential operators (1.2) and (1.3). We consider the fac-
tor space of the C* algebra with respect to this ideal. On
this factor space we can define a scalar product making
it a Hilbert space. This is the representation space where
the operators (1.2) and (1.3) have the desired properties.

To achieve this we start from a basis in the C'°° space
where the elements are the product of functions of r, ¢
and .

The set of C™ functions that vanish at r = ro¢?>™ for
all M € Z forms an ideal Z7° under pointwise multiplica-
tion in the set F,. of all C*° functions f(r), r € Ry. rgis an
arbitrary positive parameter, the scaling factor mentioned
above. Since the differential operators (1.2) and (1.3) do
not change the radius, it would be enough, to consider
functions that vanish at one fixed r. But if one wants
to introduce real momenta, one needs a scaling operator
A%, such that A R = q2RA% [3]. Therefore we consider a
whole g-lattice in radial direction.

We introduce the factor space

(o ‘7:7‘
H = 7.

(1.5)

The scalar product that makes this space a Hilbert space,
which we denote by H°, is formulated with the Jackson
integral:

> Mg (@®Mro) f(@®Mro). (1.6)

M=—oc0

The eigenvectors of the multiplication operator r with
the eigenvalues r9og*M*2 form a basis in this Hilbert space.
We denote these vectors by uas:

runs = roqg*Muyy. (1.7)

For the set F¢ of functions f(§) we proceed similarly.
The product is again the pointwise product of the func-
tions.

The ideal is generated by the functions that vanish at
& =4¢* ! for all m € Z, m < 0, we call it Z¢. The
representation space is the factor space

Te

He = =%

i (1.8)

The scalar product that makes it a Hilbert space H¢ is
again defined with the help of the Jackson integral:

- Y e

o=t1m=—oc0

2m 1) ( q2m—1). (19)

The eigenfunctions of £ in this Hilbert space will be de-
noted by X4m,:

2me = (1.10)

inmt = *£q 1Ximt-
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For the set ]2 of functions f(¢) we define the product
by the convolution:

(fg>m :fmgmv (1'11)
where ~ denotes the Fourier transformation. This defines
an algebra. The functions for which f,, = 0 for m < m
form an ideal. We construct the factor space with the
scalar product

(hvg) = Z hmgm (112)

This will lead to the representation space when we allow
m to depend on my.
In this space we have the following basis:

UMmem = U Xm € (1.13)
M=—-x...0
my = —00...0

m=myg...00

To define the scalar product for functions ¥(r, &, ¢) we
fouriertransform with respect to ¢ to obtain ), (r, £).

DD M LT

M=—oc0 mt:*w m=mg

X o (*M

(1.14)

7o, UQQMt_l)T/)m(q M’r‘Ov Uq2m‘t_1)'

2 The X-algebra

Our aim is to represent the algebra (1.1) in terms of dif-
ferential operators acting on R®. We use polar coordinates
(r,0,¢) and & = cosf. An operator that will play a major
role in this attempt is:

1 0 0 1
ze= (g o) ~4m 1

It is defined in such a way that when acting on L?-func-
tions in the common domain of Z, and Z¢{,

(2.1)

2= -2, (2.2)

holds. The property of Z¢ that we will use frequently is:
[Z@ g] = 57

e“Fege e = ¢, (2.3)
We now make an ansatz:
3 _ ,rg
X~ = Arf(€)e 2% f(0) =1, (2.4)
X* = Brg(¢)e*"*,  g(0) =1.
From the first two equations of (1.1) follows:
e =7 = 2, (2.5)
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and from the third equation:

AB {f(€)g(a*€) — f(a72€)g(€)} = N>,

With the definition

¢(€) = ABf(€)g(q*¢) (2.7)
this equation becomes:
$(E) — d(g26) = A¢® (2.8)

and has the solution:

£2. (2.9)

1+¢?

It is natural to identify the radius r» with the invariant
length in Rg:

P=R=X*X%—¢gXtX —¢'X XT. (210
This determines ¢(0):
$(0) = ——2L . (2.11)
1+ g2

To obtain f as well as g from ¢ we have to use the
conjugation property

X+t =—¢X", (2.12)
that leads to
By(q*€) = —qAf(¢) (2.13)
and, as a consequence of the definition (2.7) of ¢:
¢ =—q|Af[. (2.14)

Introducing A¢ = ¢>%¢, such that A¢€ = ¢*¢A¢, and com-
bining (2.9), (2.11) and (2.14) leads to the result:

X =rg,

. 1 — g—2¢2
Xt = —peie 2L 50 ¢ At
I+q¢2 °¢
1 _ g2e2
X" =re™ ™ 7115 Ag.
1+ ¢?

We have found a representation of the X-algebra. In the
limit ¢ — 1 we obtain:

(2.15)

X3 = rcosé

1 .
Xt 5 ——rsinf e

V2

1 .
X~ — +—=rcosf e "".

V2

(2.16)
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3 The t-algebra

There is a homomorphism of the T-algebra into the X-
algebra [6,7,4]:

t+ — 7% /1+q2X+(X3)71
q
2
t = %\/1+q2X*(X3)*1

t = % (1+R*(X?*)7?).

(3.1)

With (2.15) this t-algebra can be represented by differen-
tial operators:

=<1+
_ ipe—1 _ —1
tt = —ee /1 —¢q 282 A,

tT = le_wg_l\/l —q%&% Ae.

)

S| = | =

(3.2)

These are differential operators acting on C'*° functions.
We cannot expect that they are defined on a dense set in
L? such that the conjugation properties
tt=q¢%t, t3=14¢3 (3.3)
hold for the differential operators when the conjugation is
identified with the conjugation of linear operators in the
Hilbert space L?:
)y =q¢ %, )=t (3.4)
From [4] we actually know that this cannot be the case be-
cause we found that such a representation of the t-algebra
is unique and leads to a spectrum of t3 with the eigenval-
ues 1
X (1 4 q2q—4m,,) ,
For ¢ this implies that only eigenvalues ¢!, m < 0 are
allowed. Clearly, the Hilbert space of square integrable
functions is not the Hilbert space that would lead to such
a spectrum.
The spectrum of 3 suggests that we should consider a
factor space of the C* functions of the following type:
Consider the linear space of C'°° functions on the in-
terval 0 < £ < 1

Fe={f(OIf € C=(0,1)}

and the subspace generated by the functions

my < 0. (3.5)

(3.6)

Te = {h € C([0, 1])|A(Em) = Oforé,, = ¢*™ ", m < 0}.
(3.7)

Under pointwise multiplication these functions form an

algebra, which we also call F¢ and Z, respectively. The

algebra 7, is an ideal of F; and we can define the factor

space

Fe

(3.8)
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On this factor space 3 is defined and has the desired
eigenvalues. We shall denote eigenvectors of 3 with the
eigenvalue 1 (14 ¢%¢~*™) by Xm,

Next we show that the ideal Z¢ is left invariant by the
action of ¢ and ¢~

£ A(E) = wlw—q—%m G
_ Wl — 1p/ —2
W 1-q22q  f(g°¢ (3.9
For f € Z¢ follows t* f € Z.
Analogous:
() = wl\/ P2 4f (%), (3.10)

~ shifts the points &€ = ¢*™ ! to the points £ = ¢2(m+1) -1,
In the definition of Z¢ we have m < 0, but ¢~ f(&)|e=g-1 =
0, as can be seen from (3.10). Thus Z; is invariant under
the action of ¢t~ as well. It follows that ¢, tT and ¢~ are
well defined on He.

We are now going to show that we can define a scalar

product on H¢ to get an Hilbert space H¢, such that
(tH)* =q %t

0
; U (Em)B(Em)™™, m = ¢>" 1 (3.11)
We compute:
(W*aﬁ)
1— 2¢2
- Z P (6 7v£‘15 Bl 1)
v /1 —q72,
S L Y 0l6m)
M——o0 m—+1
0 —ip /1 _ g2£2 *
= > (e)\ gqngQZ%) (Em)o(&m)a™™ 2
~ (0. (3.12)

We have changed the summation index and extended the
sum to include m = 0 because the summand vanishes
there.

There is a differential operator that commutes with
the differential operators t of (3.2):

%

¢
€.t

& (3.13)
t]=

We shall use this operator to represent the K-algebra
of [4] in terms of differential operators.
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4 The K-algebra

The elements of the K-algebra as they were defined in [4]
all commute with the X and the ¢ algebra. The K-relations
are

q2K3K+ _ q72K+K3 _ (q+q71)K+
¢ KK +¢*K K3 = (¢g+q¢ H)K~ (4.1)
;s 1
¢ 'KTK™ —¢K Kt =K°= 1A =7)
and L L
K3=K% Kt=—¢?K". (4.2)

The representation of the K-algebra that has to be used
for orbital angular momentum has eigenvalues of 7 of the

form —g=4™#=2 m; > 0. This motivates the ansatz
)
Tk — —f . (43)
From - o
fe'¥ = ¢ 2ei%¢ (4.4)
follows that a promising ansatz for K+ and K~ is
= h(€)e'”
K= = j(@)ee. (4.5)

It satisfies the first two relations of (
leads to a recursion formula for

4.1), the third one

J(€) = h(€)j(a*¢) (4.6)
We find: . q
1O - ="1a+8) @)
with the solution
T = —33 {1+ 56 -8} (4.8)
B being a free parameter, not determined by (4.7).
From the conjugation property (4.2) follows
() = —a*h(g%¢) (4.9)
if
.0 .0
<Z(9g0) = z%. (4.10)

The parameter § is determined to be zero by the orbital
angular momentum condition. This can be seen by a direct
calculation following all the steps outlined in [4].

The result is:
ot —
\J1— q2E2 e
> -1
2 —id
K = —q; . \1—q 262
@ —

‘We now turn our attention to the representation space
of the K-algebra. The operator £ is represented on the

Kt =

(4.11)
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factor space H¢ defined in (3.8). The eigenvectors of ¢
were denoted by xm,, from (3.2) we learn:

_ 2my—1

EXm, = ¢ Xmes < 0. (4.12)

The eigenvectors of € (3.13) will be of the form y,,, e

éth elme — q2(mt7m)flxmt eime (413>
These are the eigenfunctions of 7:
Tk Xm; eime — —q4("“_m)_2xmt eime. (4.14)

From [4] we know that the eigenvalues of 7 are
—q~ 42 my > 0. It follows that

m = m; + my, mg >0, my <O0. (4.15)

For m; fixed we find the condition m > m;. This is

in agreement with the expression of K~ in (4.11). The

operator K~ changes the eigenvalue of K3 from my to

my — 1. When applied to the eigenvector my = 0, it should

give zero:
e—i? - )
pp 1, [1— q—2€2 theZ(mt—l)w

(4.16)

— im _ 2
K the v = _q

=0.

To show this we use (4.11) and the action of £ (4.13). In
this way we could have found the condition my > 0.

We see that for a given eigenvalue of £, the space of
functions on which the K-algebra is represented is given
by functions of ¢ with a truncated Fourier transformation:

1 S imep
g(p) = Ton Z cme™?. (4.17)

m=mg

This space of functions is invariant under the K-algebra,
it was sufficient to show this for K~ (4.16) because KT
shifts the eigenvalue from m to m + 1, and K3 does not
change the eigenvalue.

If we define the product of two functions as the con-
volution defined as product of the Fourier transformation
we again have constructed an ideal by (4.17).

The factor space of the C* functions of ¢, (0 < ¢ <
27) with respect to this ideal we call Hg'. On this space
a scalar product is defined:

(hg) = > Wl

m=mg

(4.18)

where h and g stand for the Fourier transformation of h
and g. With this scalar product the conjugation property
of the K-algebra (4.2) becomes

(K3)* _ K3,

(KT)* = —¢q?K~. (4.19)

This can easily be verified by a resummation and the use
of (4.16).
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5 Orbital angular momentum
Orbital angular momentum has been defined in [4]:

Torb = Tt @ Tk
3, =t*el+ne K>

Tf, =ttol+V/-ro K"
T, =t ®@1l—y-17oK"”

For the differential operators this becomes:

(5.1)

(5.2)

I R Qps—
orb — Xe LPE 1 7q2£2 Af
1 ei19 =
teg VI e e
0 A %
ZE = 5875’ AE = q22£7 é-: §q2 9

The representation space with the proper conjugation
properties has been constructed above.

It remains to show that in the limit ¢ — 1 the opera-
tors in (5.2) tend to the generators of angular momentum.
We take ¢ = e and study the limit h — 0. It is easy to
see that:

T3, — Y
ot

For T;;b the limit is more involved, as the two parts of

Totb have no individual limit.

T = L T et

(5.3)

orb 2h?
.1 e )
el o eg V1- g2 (5.4)
For eV = —1 the singular parts cancel and we obtain:
; 0 & 0
T+ w1 — g2 — j—
o VTS { aﬁl—g“@so}
; 0 0
—>e“"{30 +cot9ia@}. (5.5)

An analogous result is obtained for T, ,. It is inter-
esting to note that the phase e’ in the expression for
the orbital angular momentum has been determined to
be ¥ = —1 by the requirement that the limit ¢ — 1 ex-
ists. The condition that the differential operators have the
correct ¢ — 1 limit restricts the choise of the operators,
without this condition more operators would satisfy the
algebra.
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